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We present the theory and experimental results of phenomena associated to J-coupled nuclear magnetic
resonance NMR spectroscopy at low magnetic fields 10−4 T. So far it was believed that in low field the
chemical shift and with it the homonuclear J-coupling information is lost. This contribution shows that the
network of all homo- and heteronuclear J-coupling constants can be measured in low magnetic fields, thus
revealing the whole molecular structure even in the absence of any chemical shift information. The chemical
group of the form YXN Yrare spin 1/2, Xobserved spin 1/2, Nnumber of spins X can be identified by
the number of lines in the heteronuclear coupled X spectrum if the strong J-coupling condition is valid. If two
molecular groups, such as YXN and AXM-N Agroup without nuclear spin, Mtotal number of coupled spins
X, are bound together then all homo- and heteronuclear J-coupling constants appear in the X-NMR spectrum
as pairs of multiplets. A vector model is presented which explains the relation between the molecular structure
and the number of observed lines in a multiplet pair. The linewidths of the different NMR lines inside one
multiplet are measured to be substantially different and depend on the total spin state of the molecule. If M is
an odd number and M −1 spins X of the molecule are coupled into M −1 /2 singlets, then intramolecular
dipole-dipole relaxation as well as J-coupling mediated relaxation processes are suppressed and very narrow
lines are observed.
DOI: 10.1103/PhysRevA.76.023420 PACS numbers: 33.25.k, 32.30.Dx, 82.56.b, 39.30.w
I. INTRODUCTION
The chemical shift information 1,2 and the electron me-
diated indirect nuclear spin-spin interaction 3,4—the so
called J coupling—are important NMR parameters for the
determination of molecular structures. For NMR in low mag-
netic fields 10−4 T, for example in the Earth’s magnetic
field 5–20, the chemical shift information vanishes but the
field independent J-coupling constants remain. It was be-
lieved that in low field the homonuclear J-coupling constants
are not observable 21,22. The inductive detection of NMR
signals at high magnetic fields are favored over measure-
ments at low field for four reasons: 1 the signal to noise
ratio S /N increases with increasing magnetic field, 2
chemical shift differences cannot be measured at low mag-
netic fields, 3 the spectral resolution obtained through well
shimmed superconducting high field magnets is better than
that from low-field magnets, and 4 the homonuclear
J-coupling constants appear to be inaccessible for vanishing
chemical shift differences.
The development of hyperpolarization and premagnetiza-
tion techniques 23–31 and of sensitive detection methods
32–38 has made the S /N ratio of NMR signals nearly in-
dependent on the magnetic field. This lifts objection 1
against low-field NMR. Referring to objection 2 it was
shown that chemical shift differences can be measured even
in inhomogeneous low magnetic fields 39,40. With hyper-
polarized 129Xe chemical shifts can be measured with high
precision in the Earth’s magnetic field 41. High resolution
proton 1H and fluorine 19F Earth’s field NMR spectros-
copy 42 was performed showing the heteronuclear 1H-29Si
and 1H-19F J-coupling constants with an accuracy nearly two
orders of magnitude better than obtainable by high-resolution
NMR at high field, so objection 3 can be dealt with.
In this article we analyze the mathematical framework of
J-coupled NMR in low magnetic fields, especially in the
Earth’s magnetic field where the strong J-coupling condition
is valid with respect to the Larmor frequencies. The strong
J-coupling regime is entered if the difference in the nuclear
Larmor frequencies of two given nuclear species is in the
order of the heteronuclear J-coupling constant.
II. THEORY
A. General considerations
Why is it impossible in low magnetic fields to measure
the homonuclear J-coupling constant between pairs of spins
in the absence of heteronuclear J couplings? Given M spins
with angular momentum operator Ik k=1, . . . ,M interacting
with a magnetic field B0 applied along the z direction and
assuming that all possible spin pairs are homonuclear J
coupled the Hamilton operator can be written as
2.1
where Ik=k1−kB0 is the angular Larmor frequency in-
cluding the isotropic chemical shift interaction of the spin Ik,
k is the gyromagnetic ratio of spin k, and JIk,Il denotes the
homonuclear J-coupling constant between the pair of spins k
and l with angular momentum operator Ik and Il. H0 and
Hhom are the Hamilton operators of the Zeeman interaction*st.appelt@fz-juelich.de
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and of all homonuclear J-couplings, respectively. After a 90°
pulse excitation around the y axis one measures the expecta-
tion value of the total spin angular momentum k=1
M Ikx.We
show that none of the homonuclear J-coupling constants JIk,Il
can be measured if we assume that the following two com-
mutator relations

k=1
M
Ikx,Hhom	 = 0 2.2
and
H0,Hhom = 0 2.3
are fulfilled. The evaluation of k=1
M Ikx by using the time
evolution of the initial density matrix 0=k=1
M Ikx and by
applying Eqs. 2.2 and 2.3 results in


k=1
M
Ikx = Tr
k=1
M
Ikxe−iHt0eiHt
= Tr
k=1
M
Ikxe−iH0te−iHhomt0eiH0teiHhomt
= Tr
k=1
M
Ikxe−iH0te−iHhomt0eiHhomteiH0t
= Tr
k=1
M
Ikxe−iH0t0eiH0t . 2.4
In the last line of Eq. 2.4 Hhom vanishes as a consequence
of Eqs. 2.2 and 2.3, which means that 0 evolves only
with H0 and the homonuclear J coupling is not observable.
While it can be readily shown that Eq. 2.2 is always valid,
Eq. 2.3 is not fulfilled in general. Assuming the Hamilton
operator of Eq. 2.1, a straightforward calculation leads to
H0,Hhom = i2	 
k=1,l=k+1
M
JIk,IlIk − IlIk
 Ilz. 2.5
Equation 2.5 implies that H0 ,Hhom=0 if Ik=Il for all
pairs of spins k and l. This is always the case in low field
where the chemical shift differences are negligible small.
Simulations of homonuclear coupled spins in low field show
that the exact condition for which the homonuclear J cou-
pling can be measured is given by
Ik − Il JIk,Il , 2.6
where the transition frequencies in Eq. 2.6 of spin k and l
are defined as Ik=Ik / 2	 and Il=Il / 2	, respectively.
In high magnetic fields 1 T, Eq. 2.6 is always fulfilled
since, for example, for protons the homonuclear J-coupling
constants are ranging from 0.1–20 Hz but the chemical shift
differences of different chemical groups are a few ppm, typi-
cally more than 100 Hz. In contrast, in the Earth’s magnetic
field 5
10−5 T the proton chemical shift differences are in
the order of a few mHz, so IkIlI. Therefore Eq. 2.6
is not fulfilled in the Earth’s field and the homonuclear
J-coupling is never expected to be measurable.
Consider a molecule of the form XNY-AXM-N, which con-
sists in M abundant spin 1/2 nuclei X, and one rare spin 1/2
nucleus Y. X is assumed to be the observed spin 1/2, N and
M-N is the number of magnetically equivalent spins X of the
chemical group XNY and AXM-N. The group A has no nuclear
spin. It is possible to measure homonuclear J couplings if at
least two additional heteronuclear J-couplings exist between
the spins XN and Y and between the spins XM-N and Y. We
assume that the M spins X with angular momentum operator
Ik k=1, . . . ,M and the rare spin Y with angular momentum
operator S interact with a low magnetic field. All spins X
have the same Larmor frequency I no chemical shift dif-
ferences and the spin Y has the Larmor frequency S. De-
fining JIk,S as the heteronuclear J-coupling constants between
spins Ik and S the Hamilton operator can be written as
2.7
where H0,het includes all heteronuclear J-coupling interac-
tions. The homonuclear J coupling is not measurable if
k=1
M Ikx ,Hhom=0 and if H0,het ,Hhom=0. The second com-
mutator is in general not equal to zero and can be expressed
by
H0,het,Hhom = i4	2S 
k=1,l=k+1
M
JIk,IlJIl,S − JIk,SIk
 Il .
2.8
Equation 2.8 implies that if JIl,SJIk,S, then H0,het ,Hhom
0, and the associated homonuclear J-coupling constant
JIk,Il is measurable. In analogy to Eq. 2.6, the exact condi-
tion for the measurement of the homonuclear J-coupling
constant JIk,Il is given by
JIl,S − JIk,S JIk,Il . 2.9
The Eqs. 2.8 and 2.9 are the quantum mechanical equiva-
lent formulation for the bead and spring model of homo-
nuclear J-coupled spins 43. Referring to the molecule
XNY −AXM-N, Eq. 2.9 means that the two different hetero-
nuclear J-coupling constants JIk,S k=1, . . . ,N and JIl,S l
=N+1, . . . ,M break the magnetic equivalence between the
spins Ik and Il, because the common transition frequency I
=I / 2	 of all M spins is changed by the two different
heteronuclear J-couplings to I±0.5JIk,S and to I±0.5JIl,S.
B. The strongly coupled system YXN
In this section it will be shown that in low field a chemical
group YXN Yrare spin 1/2, Xmeasured spin 1/2 with N
magnetically equivalent spins X can be identified in the
X-NMR spectrum even if the chemical shift and the homo-
nuclear J coupling between the spins X cannot be measured.
In low field the strong heteronuclear J-coupling regime,
given by
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1 X − Y/JX,Y 100, 2.10
is entered, where X and Y are the transition frequencies of
the spins X and Y and JX,Y is the heteronuclear J-coupling
constant. At high field the heteronuclear J-coupled X spec-
trum of the YXN group is a pair of lines a doublet separated
by JX,Y. At low field the YXN group can be distinguished by
the splitting of each doublet line into K lines, where the
natural number K is given by
K = 
n=1,nU
N
2N − n
1
2
+ 1 = 
n=1,nU
N
N − n + 1. 2.11
U represents the set of odd numbers and n is a natural num-
ber. For example, a strongly coupled 13CHN group for N=1,
2, 3, 4 can be identified in the low field 1H spectrum as a pair
of one, two, four, and six J-coupled lines, respectively. Equa-
tion 2.11 can be explained by the vector model shown in
Figs. 1a–1e. If one specific spin X dotted circle in Fig. 1
is picked out of the set of N identical spins X, then due to the
strong heteronuclear J coupling the X spectrum splits first
into an asymmetric pair of lines a doublet spaced by JX,Y
see Fig. 1a. At low field the N−1 unobserved spins X
couple into a combined total spin L which can have the val-
ues L= N−11/2, N−31/2, N−51/2 , . . . , N
−n1/2 for nU until to N−n=0 for odd N or until to
N−n=1 for even N. Each total spin L configuration has 2L
+1 possible spin orientations with respect to the magnetic
field, as indicated for the YX2, YX3, YX4, and YX5 groups in
Figs. 1b–1e. The total number K of possible spin orienta-
tions is given by the sum over all 2L+1=2 N−n1/2+1
spin orientations. Because the transverse components of all
possible L cannot be neglected at low field each spin orien-
tation of L leads to a different transition frequency and the
resulting X spectrum is an asymmetric pair of K lines with
different transition frequencies. Each transition frequency is
related to the total spin state of the other N−1 spins X. At
high field the transverse components of the 2L+1 spin ori-
entations can be neglected, all the N spins X are decoupled
from each other, and all K lines collapse into a doublet line.
In order to investigate the predicted splitting in low field
the X-NMR spectrum of the YXN group for different values
of N is simulated. Figure 2 shows the simulated X spectra of
the YXN group X=2000 Hz, JX,Y =200 Hz for N=1, 2, 3, 4,
and 5, respectively. The spectra show a single asymmetric
doublet Fig. 2a and asymmetric pairs of two, four, six,
and nine lines Figs. 2b–2e, which is in full agreement
with the prediction of Eq. 2.11.
FIG. 1. Vector model of J-coupled X NMR in low field. a–e Schematic X spectrum of the strongly J-coupled YXN group for N=1 to
N=5. Dotted circle indicates the observed spin X. The splitting into multiplet lines is due to the transverse components of the total spin
vector L. f Structure of the molecule XNY-AXM-N. g Schematic homo- and heteronuclear J-coupled multiplet spectrum of the molecule
X3Y-AX2 and corresponding vector model.
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C. Spin singlets and reduced spin relaxation rate
The two dotted lines in Fig. 2 indicate the position of the
two transitions of the YXN group where for N=3, the N−1
=2 spins X are coupled into a singlet and for N=5, the N
−1=4 spins X are coupled into a pair of singlets. For N=3
the two initial wave functions S,3
up and S,3
down can be ex-
pressed in the basis of the up and down eigenstates ↑  and
↓  of the Ikz k=1,2 ,3 operator as
S,3
up
= 1/2↑↓1,2↑ − ↓↑1,2↑ ,
S,3
down
= 1/2↑↓1,2↓ − ↓↑1,2↓ . 2.12
The third spin outside the round brackets indicates the state
of the observed nucleus X. The common term
1/2↑↓ 1,2− ↓↑ 1,2 in Eq. 2.12 represents a spin-
singlet state of the spins at position 1 and 2. S,3
up and S,3
down
are antisymmetric with respect to the exchange between the
two spins at the positions 1 and 2. Two other wave functions
analogous to Eq. 2.12 can be constructed where spin 1 and
3 or spin 2 and 3 are coupled into a singlet and the remaining
spin is observed. The expectation value of the total magnetic
moment associated with the coupled singlet is zero. This
singlet state has no dipole-dipole interaction or J coupling
with the observed spin X and narrow linewidths are ex-
pected.
It can be shown that for N=5 the N−1=4 spins cannot be
described by an antisymmetric four spin singlet wave func-
tion. If the position of each of the four spins X is numerated
by 1, 2, 3, 4, and spin 1 and 2 as well as spin 3 and 4 each
couple into a spin singlet, the initial five spin wave function
for the case where the measured spin X is in the up state is
given by
S,5
up
=
1
2 ↑↓1,2↑↓3,4↑ − ↑↓1,2↓↑3,4↑
− ↓↑1,2↑↓3,4↑ + ↓↑1,2↓↑3,4↑ . 2.13
An analogous wave function S,5
down can be defined if the
measured spin X is in the down state. The two other possible
pairs of wave functions can be constructed for i , j ,k , l
= 1,3 ,2 ,4 or 1, 4, 2, 3. S,5
up is antisymmetric with respect
to the exchange of i , j= 1,2 or k , l= 3,4. Because the
expectation value of the total magnetic moment of the two
singlet pairs in Eq. 2.13 is zero, the dipolar field of the four
coupled spins at the position of the observed spin X is re-
duced or even zero, depending on the relative position of the
measured spin X. Therefore, for the pair of singlets in the
YX5 molecule both the longitudinal and transverse relaxation
times of the measured spin X are expected to be significantly
longer than those of the other spin states.
D. J-coupled nuclear magnetic resonance spectrum
of the molecule XNY-AXM-N
What is the structure of the J-coupled X-NMR spectrum
in low field for the general case of a molecule XNY-AXM-N
see Fig. 1f? Figure 1g shows, for example, the spectrum
of the molecule X3Y-AX2, which is characterized by two het-
eronuclear J-coupling constants, JX,Y and JX,A,Y, and by the
homonuclear coupling constant JX,X between the X3Y and the
AX2 group. According to Eq. 2.8 the homonuclear coupling
constant between the X spins within the X3Y and the AX2
group is not measurable, but the homonuclear constant JX,X is
observable if Eq. 2.9 is valid. Assuming JX,Y  JX,A,Y 
 JX,X and that the two strong coupling conditions 1 X
−Y  / JX,Y 100 and 1 JX,Y −JX,A,Y  / JX,X 100 are
valid, the X-NMR spectrum of the YX3 group is a pair of
sixteen lines while the X spectrum of the AX2 group is a pair
of twelve lines, as indicated in Fig. 1g. According to the
vector model the X-NMR spectrum of the X3Y group alone is
a pair of four lines. Each of these four lines splits into four
lines, due to the strong homonuclear J coupling between the
X3Y and the AX2 group. Therefore a pair of multiplets with
sixteen lines each spaced by JX,Y, is expected. On the other
side the X-NMR spectrum of the strongly homonuclear
coupled AX2 system in the molecule is a pair of two lines
see Fig. 1b. Each of these lines splits into six lines, due to
the strong homonuclear coupling JX,X between the AX2 and
the X3Y group Fig. 1g. Thus the total X-NMR spectrum of
the AX2 group is a pair of twelve multiplet lines spaced by
JX,A,Y.
Table I shows for the XNY-AXM-N molecule how to calcu-
late the number of lines of each multiplet for four different
cases of weak and strong J couplings. We assume two het-
eronuclear J-coupling conditions 1 coupling conditions in
Table I, which depend on the magnetic field and one field
independent homonuclear J-coupling condition 2 coupling
condition. If all three coupling conditions are weak case 1
FIG. 2. Simulations of the Earth’s field X-NMR spectrum of the
strongly coupled YXN group. The direct product approach was used
to evaluate the 2N+1
2N+1-dimensional matrix representation in
the Zeeman eigenbasis of the spin operators I1 , I2 , . . . , IN the N
spins X and S the Y spin. The initial density matrix at t=0 after a
90° y-pulse excitation is 0=k=1
N Ikx+0.25Sx. t=e−iHt0eiHt
with H=Ik=1
N Ikz+SSz+2	JI,SS ·k=1
N Ik is calculated numerically.
The free induction decay FID is obtained by the trace of the total
transverse X spin multiplied with the density matrix. After Fourier
transformation of the FID the spectrum is phase corrected. A global
transverse relaxation time linewidth of 0.1 Hz is introduced such
that the essential spectral features are well resolved.
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a symmetric pair of M −N+1 lines is observed in the X
spectrum for the XNY group and a symmetric pair of N
+1 lines for the AXM-N group. In case 2, where the XNY
group is strongly coupled and the other two coupling condi-
tions are weak, the spectrum for the AXM-N group remains as
a pair of N+1 lines while the spectrum of the XNY group
splits into a pair of M −N+1n=1,nU
N N−n+1 lines. If
both groups XNYand AXM-N are strongly heteronuclear
coupled case 3 or the strong homonuclear coupling condi-
tion is valid case 4 the number of lines is given by the
product of two factors as shown in Table I.
E. Line intensities of J-coupled multiplet lines
The expected intensities of the homo- and heteronuclear
J-coupled multiplet lines of the molecule XNY-AXM-N can be
estimated for case 1 in Table I. The intensity AN+1 of the
smallest line of the N+1 multiplet is given by
AN+1 = A0 f
1
2
M − N
M
1
2N
, 2.14
and the intensity AM−N+1 of the smallest line from the M
−N+1 multiplet is
AM−N+1 = A0f
1
2
N
M
1
2M−N
. 2.15
A0 is defined as the intensity of the observed uncoupled X
line, and f is the abundance of the rare spin Y. For example,
if Y corresponds to 13C in natural abundance f =0.01 the
intensity of the smallest multiplet line is more than 1000
times smaller than A0. The detection of a multiplet spectrum
with 13C in natural abundance requires a very sensitive spec-
trometer and narrow linewidths.
III. EXPERIMENTAL SETUP
The 1H-NMR spectra of the following molecules were
measured with coil based low field and Earth’s field NMR:
hypophosphinic acid 50% H3PO2+50% H2O as an ex-
ample for a strongly coupled YX2 group Y = 31P ,X= 1H,
99% 13C-enriched methanol as an example for the molecule
YX3 group Y = 13C,X= 1H, and 99% 13C-enriched ethanol.
For ethanol in one case the methyl group ethanol II:
X3Y-AX2-BX with A= 12C,B= 16O, Y = 13C,X= 1H and in the
other case the methylene group ethanol I: X3A-YX2-BX was
selectively enriched. Advantages of coil based detection of
NMR signals in low fields are the simplicity and that the
NMR lines are practically not broadened in the Earth’s mag-
netic field. The linewidth is expected to be very narrow be-
cause it is dominated by the natural transverse relaxation
time T2 of the observed nuclear spins. Figure 3 shows the
experimental setup for the measurements at low field left
and in the Earth’s magnetic field right.
A. Low field NMR
The magnetic field 2
10−4−2
10−2 T is produced by
a cylindrical solenoid, using a homemade current supply
TA
B
LE
I.
N
um
be
ro
fl
in
es
fo
rt
he
pa
ir
o
fm
u
lti
pl
et
s
fo
rt
he
m
o
le
cu
le
X N
Y-
AX
M
-
N
.
Ca
se
1

co
u
pl
in
g
co
n
di
tio
n
2

co
u
pl
in
g
co
n
di
tio
n
N
um
be
ro
fl
in
es
fo
rt
he
N
sp
in
s
X
N
um
be
ro
fl
in
es
fo
rt
he
M
-
N
sp
in
s
X
1

X
−

Y
/
J
X,
Y

10
0
J
X,
Y
−
J X
,
A,
Y
/
J
X,
X

10
0
2
M
−
N
+
1
2
N
+
1
 
X
−

Y
/
J
X,
A,
Y

10
0
bo
th
w
ea
k
w
ea
k
2
1
 
X
−

Y
/
J
X,
Y

10
0
J
X,
Y
−
J X
,
A,
Y
/
J
X,
X

10
0
2
M
−
N
+
1



n
=
1,
n

U
N
N
−
n
+
1
2
N
+
1
 
X
−

Y
/
J
X,
A,
Y

10
0
st
ro
ng
,w
ea
k
w
ea
k
3
1
 
X
−

Y
/
J
X,
Y

10
0
J
X,
Y
−
J X
,
A,
Y
/
J
X,
X

10
0
2

n
=
1,
n

U
N
N
−
n
+
1



m
=
0,
m

G
M
−
N
M
−
N
−
m
+
1
2

n
=
1,
n

U
M
−
N
M
−
N
−
n
+
1



m
=
0,
m

G
N
N
−
m
+
1
1
 
X
−

Y
/
J
X,
A,
Y

10
0
bo
th
st
ro
ng
w
ea
k
4
bo
th
w
ea
k
o
r
1
J
X,
Y
−
J X
,
A,
Y
/
J
X,
X

10
0
2

n
=
1,
n

U
N
N
−
n
+
1



m
=
0,
m

G
M
−
N
M
−
N
−
m
+
1
2

n
=
1,
n

U
M
−
N
M
−
N
−
n
+
1



m
=
0,
m

G
N
N
−
m
+
1
st
ro
ng
,w
ea
k
o
r
bo
th
st
ro
ng
st
ro
ng
PHENOMENA IN J-COUPLED NUCLEAR MAGNETIC … PHYSICAL REVIEW A 76, 023420 2007
023420-5
stability 1 ppm h−1. After premagnetization, the sample
0.25 cm3 is transferred into a receiver coil solenoid
with an inner diameter of 10.5 mm. For excitation of the
spins a separate saddle coil is used. The receiver coil can be
tuned to any resonance frequency between 5–1000 kHz, de-
pending on the adjusted B0-field value. The resulting NMR
signal is amplified by the preamplifier, processed by the
NMR electronics, and evaluated. The field homogeneity of
the B0 field is about 10−4 cm−1.
B. Earth’s field nuclear magnetic resonance
The Earth’s field spectrometer is shielded by a 20 mm
aluminum cylinder against ambient electromagnetic noise.
The transverse magnetization is generated by a 90° dc mag-
netic field pulse with the saddle coil, the subsequent free
induction decay FID is measured by a NMR receiver coil
which is tuned to the resonance frequency of the protons in
the Earth’s field 2 kHz. The NMR spectrometer is oper-
ating close to the Johnson noise limit. For sample prepara-
tion 2 cm3 of the liquid sample is filled in a NMR glass tube
with a valve. All samples are deoxygenated by several freez-
ing and thawing cycles under high vacuum conditions. Fi-
nally, the samples are flushed with 4He gas at a few bars
pressure, and the valve is closed. Typical measured 1H line-
widths in the Earth’s field are between 0.03–0.3 Hz. More
detailed information of the Earth’s field NMR spectrometer
can be found in 42,43.
C. Measurement procedure
For both experimental setups the premagnetization of the
sample is carried out by a 1 T Halbach permanent magnet
42 Fig. 3, top composed of eight magnetized FeNd seg-
ments. The weak stray field outside the magnet typically
broadens a proton NMR line at 1 m distance to about 0.1 Hz.
This broadening is avoided by increasing the distance be-
tween the Halbach magnet and the NMR probe to several
meters. After the premagnetization the sample is carried
within 1–2 s into the low field probe or into the Earth’s field
NMR probe.
IV. EXPERIMENTAL RESULTS
A. Strongly J-coupled low-field nuclear magnetic resonance
of the groups YX2 and YX3
1. 31PH2 group
One example for a strongly J-coupled YXN group with
N=2 is the 31PH2 group. The
1H-NMR spectrum of the
FIG. 3. Setup for NMR measurements at low field left and in the Earth’s field right. Top: prepolarization of the sample in a 1 T
Halbach magnet for both experiments.
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31PH2 group can be observed in a solution of H3PO2 in wa-
ter. The PH2 group is stable whereas the OH proton of
H3PO2 rapidly exchanges with the water molecule. Therefore
the J coupling of all mobile protons the protons of H2O and
the OH proton of H3PO2 is averaged out and appears in the
NMR spectrum as an uncoupled 1H line. The J-coupling
constant between 31P P=17.236 MHz T−1 and 1H H
=42.576 MHz T−1 is 1JH,P=568 Hz. With these values the
condition for strong J coupling is fulfilled if the B0 field is
smaller than about 2
10−3 T H85 kHz. First measure-
ments and theoretical calculations of the 31PH2-NMR spec-
trum in the range of the Earth’s field were reported by Benoit
et al. 6. In Fig. 4 we show the 1H spectra for the 31PH2
group in the field regime from 7.8
10−3 T 333 kHz down
to the Earth’s field 4.78
10−4 T. From the theory we ex-
pect for the J-coupled YX2 system in high field a J-coupled
doublet and in low field a pair of two lines. In Fig. 4 below
83 kHz the strong coupling limit 1 H−P  / 1JH,P  89
100 is entered and the experimental line profile shows a
first indication of a splitting into a pair of two lines. The
splitting and the asymmetry relative to the Larmor fre-
quency of the lines increase with the decreasing magnetic
field and are in excellent agreement with the theory. The
uncoupled 1H line in Fig. 4 is set as reference and as the zero
deviation from the Larmor frequency at the corresponding
field. The linewidths of the J-coupled lines decreases from
about 10 Hz at 333 kHz to the natural linewidth at the
Earth’s field 2.06 kHz, which is 0.2 Hz. In most Earth’s
field NMR experiments the contribution of line broadening
due to the inhomogeneity of the Earth’s field is negligible
small compared to the natural linewidth.
2. 13CH3 group
The strongly J-coupled 1H-NMR spectrum of a 13CH3
group is investigated with 99% 13C- enriched methanol
13CH3OH at a temperature of T=60 °C. Under these con-
ditions the protons of the OH group of methanol exchange so
rapidly between different molecules that they do not experi-
ence any homo- or heteronuclear J couplings. Therefore the
J-coupled 1H-Earth’s field spectrum of enriched methanol is
an example of a strongly coupled four-spin system YX3 with
one 13C and three protons. In the top of Fig. 5a is shown
the pair of four lines with an asymmetric pattern and varying
line spacing. The measured spectrum is in full agreement
with the simulation of the strongly coupled13CH3 group Fig.
5a, bottom assuming 1JH,C=140.6 Hz 43,44. The un-
coupled protons are visible in the 1H spectrum by the central
line at 2061.29 Hz. We conclude from the low field 1H spec-
tra of the 31PH2 and
13CH3 group that the specific chemical
group can be unambiguously identified from the number of
lines without the need of any chemical shift information.
Let us analyze the linewidths of one multiplet. Figure 5b
shows an enhanced view of the right multiplet of Fig. 5a.
For the experimental spectrum Fig. 5b, top the width ws
=0.038 Hz of the line at 2134.65 Hz is about a factor 2
smaller compared to the width wt=0.075 Hz of the other
three lines. The narrow line is associated to a singlet state of
FIG. 4. Low and Earth’s field 1H spectra of the 31PH2 group.
The Larmor frequency magnetic field is the parameter of the spec-
tra. A splitting into a pair of two lines starts to be visible below
83 kHz. Insert in the top: Enhanced view of one line of the Earth’s
field spectrum. The linewidths of the low field NMR spectra are
determined by the B0 field inhomogeneity while the width of the
Earth’s field spectrum is given by the T2 relaxation time of the
sample.
FIG. 5. Experimental and simulated J-coupled Earth’s field 1H
spectra of 99% 13C enriched methanol. The dotted line in the
methanol molecule indicates the two protons which can be either in
a singlet or a triplet state. For the experimental spectrum Fig. 5a,
top nine scans are averaged. The 1H spectrum measured at T
=60 °C shows a pair of four unevenly spaced lines. The simulation
of the spectrum with a linewidth of 0.16 Hz is shown in the bottom.
b Enhanced view of the right multiplet of the spectrum. The ex-
perimental spectrum Fig. 5b, top consists in one narrow line
ws=0.038 Hz and three broad lines wt=0.075 Hz. Bottom: The
simulation is in good agreement with the experimental spectrum
except for the linewidth 0.16 Hz.
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two protons in the 13CH3 group with an associated three spin
wave function expressed by Eq. 2.12. The other three lines
correspond to the triplet state of two protons in the 13CH3
group. The singlet line is narrow because the proton spin
singlet has no magnetic moment and thus has a reduced or
zero intramolecular dipole-dipole interaction with the ob-
served proton. A similar phenomenon is reported by Car-
ravetta et al. 45,46, who measured with the field-cycling
method in low field a prolonged longitudinal spin relaxation
time T1 of a singlet-spin state. In contrast to Carravetta, we
observe here directly in the Earth’s field a prolonged trans-
verse relaxation time.
B. Observation of homo- and heteronuclear J couplings
in low field
1. Ethanol II: HO-12CH2-
13CH3
In the following the J-coupled 1H-Earth’s field spectrum
of two molecular groups bound together is discussed. As an
example 13C-enriched f =0.99 ethanol II
HO-12CH2-
13CH3 is investigated, where II means the posi-
tion of the 13C spin at the CH3 group. The intermolecular
proton exchange of the ethanol molecules gives rise to an
uncoupled 1H line of the OH group, which does not partici-
pate in the J-coupled network. Therefore, for ethanol six
J-coupled spins need to be considered with the molecular
structure XNY-AXM-N with X= 1H, Y = 13C, A= 12C, M =5, and
N=3. From the high-field NMR spectrum of ethanol it is
known that 1JH,C=124.9 Hz,
2JH,C=−2.5 Hz, and 3JH,H
=6.9 Hz 44,47. In the Earth’s field the weak coupling con-
dition H−C  / 2JH,C  700100 and the two strong cou-
pling conditions 1 H−C  / 1JH,C  13100 and 1
 1JH,C−
2JH,C  / 
3JH,H  17100 are valid, so we have
case 4 of Table I. Figure 6a shows the total Earth’s field 1H
spectrum of HO-12CH2-
13CH3 consisting of an inner and an
FIG. 6. J-coupled Earth’s field 1H spectra of ethanol II 99%
13C enriched at the CH3 group at T=60 °C. a Complete experi-
mental spectrum measured at B0=4.8378
10−5 T 2059.76 Hz
with a single scan. The linewidth of all the J-coupled lines is
0.05 Hz. b and c, top: Enhanced view of the experimental
spectra of the strongly coupled outer pair consisting of sixteen un-
evenly spaced lines each. Bottom: Simulated spectra of the outer
pair of multiplets. d, top: Enhanced view of the experimental
spectrum of the weakly coupled inner pair consisting of twelve
unevenly spaced lines each. Bottom: Simulated spectrum of the
inner pair of multiplets. The simulated linewidths are all 0.08 Hz.
Not all of the J-coupled lines in Figs. 6b–6d are resolved in the
presented spectra.
FIG. 7. Comparison of J-coupled Earth’s field 1H spectra of
ethanol II at T=60° and 13 °C. Nine scans have been averaged. a
NMR spectrum of the weakly coupled inner pair of multiplets at
T=60 °C top and T=13 °C middle. Bottom: Simulated spec-
trum for 13 °C assuming a linewidth of w=2.1 Hz. b NMR spec-
tra of the strongly coupled left outer multiplet, consisting of sixteen
lines at T=60 °C top and of four lines at T=13 °C middle.
From the sixteen lines only four lines three triplet lines and one
singlet line remain. Bottom: Simulation of the 1H spectrum of the
strongly heteronuclear coupled 13CH3 group with
1JH,C=125.2 Hz.
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outer multiplet pair. An enhanced view of the outer multiplet
pair centered at ±0.5 1JH,C is shown in Figs. 6b and 6c.
Sixteen unevenly spaced lines for each multiplet are identi-
fied as predicted by the theory in Table I, case 4. The inner
multiplet pair centered at ±0.5 2JH,C around the uncoupled1H line is shown in Fig. 6d. Twelve lines for each inner
multiplet are visible. The simulations in the bottom of Figs.
6b–6d of the six-spin system fit perfectly with all experi-
mentally observed lines if we set 2059.76 Hz for the fre-
quency of the uncoupled protons and 1JH,C=125.2 Hz,2JH,C=−2.4 Hz, and 3JH,H=7.1 Hz. These values for 1JH,C,2JH,C, and 3JH,H are in full agreement with the literature val-
ues 44,47.
How does the linewidth of the 1H-NMR spectrum of eth-
anol II depend on the temperature and on the spin state of the
molecule? The main transverse relaxation is caused by the
modulation of the intra- and intermolecular dipole-dipole in-
teraction due to the intramolecular rotation and due to inter-
molecular collisions. In Fig. 7 the J-coupled 1H-NMR spec-
tra of ethanol II are shown at two different temperatures, T
=60 °C and 13 °C. In the top of Fig. 7a the spectrum at
60 °C shows the inner pair of multiplets, with twelve narrow
lines for each multiplet. The lines are narrow because at
60 °C the correlation times of the dipole-dipole interactions
are short. At T=13 °C Fig. 7a, middle the viscosity is
higher and the correlation times are longer, so intra- and
intermolecular dipole-dipole interactions cause a significant
line broadening w2 Hz. Only the relative narrow un-
coupled 1H line w0.2 Hz at 2059.76 Hz can be identi-
fied. If one 12CH2 proton is observed then according to the
vector model Fig. 1 no singlet state exists in the 12CH2 and
in the 13CH3 group. Therefore narrow lines are not expected
to be observed at 13 °C. The simulation in the bottom of Fig.
7a shows the essential features of the experimental spec-
trum at 13 °C if a linewidth of 2.1 Hz is assumed.
The situation is completely different if the observed pro-
ton is located at the 13CH3 group, as shown in Fig. 7b. At
T=60 °C top sixteen narrow lines w0.05 Hz are ob-
served, as already discussed in Fig. 6b. At 13 °C middle
only four of the sixteen lines survive, and these four lines are
exactly at the same frequency positions as the lines expected
from the strongly coupled 13CH3 group of ethanol II with no
homonuclear J coupling to the 12CH2 group. This is proved
by the simulation of the four-spin system 13CH3 at the bot-
tom of Fig. 7b, assuming 1JH,C=125.2 Hz. The experimen-
tal spectrum middle consists of three broader triplet lines
wt0.23 Hz and one narrower singlet line ws0.16 Hz
similar to the methanol spectrum in Fig. 5. The survival of
the four lines can be explained by the existence of a singlet
state of the two protons of the 12CH2 group. The other twelve
lines in the spectrum are not visible because of strong
dephasing for those ethanol molecules, for which the 12CH2
group is in the triplet state. The 12CH2 singlet state has two
effects: 1 The homonuclear J coupling between the 13CH3
and the 12CH2 groups is zero. 2 The
12CH2 group has no
magnetic moment so the intramolecular dipole-dipole relax-
ation rate between the rotating 12CH2 and
13CH3 groups is
reduced significantly. For the singlet line indicated by an
arrow in Fig. 7b, the two protons in the 13CH3 group are
also in the singlet state. Therefore also the dipole-dipole in-
teraction within the 13CH3 group is reduced, and the line-
width is narrower than that of the triplet lines. This is a
demonstration of a two-pair singlet state, where the dipole
interaction of four protons with the observed proton is sig-
nificantly suppressed.
2. Ethanol I: HO-13CH2-
12CH3
Figure 8 shows the J-coupled Earth’s field NMR spectrum
of the six-spin system ethanol I HO-13CH2-
12CH3, where
the methylene group is 99% enriched with 13C. The formal
molecular structure is XNY-AXM-N with X= 1H, Y = 13C, A
=
12C, M =5, N=2. In contrast to the case of ethanol II the
protons of the 12CH3 group are weakly and the protons of the13CH2 group are strongly heteronuclear J coupled to
13C and
the strong coupling condition 1 1JH,C−
2JH,C / 
3JH,H 
100 still holds. This corresponds to case 4 of Table I,
therefore the 1H-NMR spectrum of the 12CH3 group is ex-
FIG. 8. J-coupled 1H-Earth’s field spectra of ethanol I at T
=60 °C. Each spectrum is an average over nine scans. a Top:
Enhanced view of the experimental spectrum of the inner pair of
multiplets consisting of thirteen resolved unevenly spaced lines
each. Bottom: Simulated spectrum of the inner pair of multiplets
assuming a linewidth of 0.053 Hz. See text for the simulation pa-
rameters. b Top: Experimental spectrum of the outer multiplet at
1976–2009 Hz. The outer multiplet consists of very broad unstruc-
tured lines with a width of about 3 Hz. Middle: Simulated spectrum
of the outer left multiplet w3.2 Hz. Bottom: The simulated,
highly resolved spectrum assuming a line width of 0.07 Hz.
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pected to be of a pair of multiplets with sixteen lines each.
The corresponding spectrum for the inner pair of multiplets
is shown in Fig. 8a. The broad multiplet lines width wt
0.2 Hz and the two narrow and intense lines ws
=0.043 Hz are grouped around the broad uncoupled 1H line
w0.8 Hz. The simulated spectrum parameters: 1JH,C
=140.4 Hz, 2JH,C=−4.6 Hz,
3JH,H=7.1 Hz 47 at the bot-
tom of Fig. 8a shows a pair of sixteen lines where, for
example, on the right side of the spectrum thirteen lines are
resolved and the intense line is a superposition of four lines.
Because the weak coupling condition H−C  / 2JH,C 
100 holds, the signal does not split into four lines such as
in Fig. 7b, but the lines superpose to form one intense line.
In Fig. 8b, the left of the two outer multiplets shows
very broad structures w3 Hz. The measured spectrum is
approximated by the simulation shown in the middle trace
assuming that each line of the well resolved simulated mul-
tiplet structure see Fig. 8b, bottom is strongly broadened
w=3.2 Hz. Why are the lines at T=60 °C of the 13CH2
group so extremely broad compared to the narrow lines of
the 12CH2 group in Fig. 7a? Besides the dipole-dipole in-
teraction another relaxation mechanism is the transverse 1H
relaxation of the 13CH2 protons due to slow proton exchange
r10–100 ms of the OH group. This proton exchange
strongly dephases the coherence of the 13CH2 w3 Hz and
of the OH group w0.8 Hz by turning the homonuclear
coupling 3JH,O,H5 Hz 43,44 between the 13CH2 and the
OH group randomly on and off. This relaxation mechanism
is observable in ethanol I but is negligible in ethanol II. For
ethanol II the condition 2JH,C−
3JH,O,C  
3JH,O,H is valid
and 3JH,O,H is neither observable nor has an effect on the
relaxation process. The width wt0.2 Hz of the triplet lines
in Fig. 8a can be explained by a transfer of the fast dephas-
ing process of the 13CH2 group to the protons of the
12CH3
group by the homonuclear 3JH,H coupling: if the
13CH2 group
is in the singlet state then this relaxation channel is blocked.
Therefore the two intense singlet lines of Fig. 8a are nar-
rowed by the suppression of two relaxation channels, the
intramolecular dipole-dipole interaction and the relaxation
pathway caused by the OH proton exchange.
V. CONCLUSION
We conclude that molecular structures can be investigated
by low-field J-coupled NMR spectroscopy even in the ab-
sence of any chemical shift information. Although at low
field, the complexity of the spectra of larger molecules with
rare spins in natural abundance is high, we can use the spec-
tral pattern as a fingerprint of the molecular structure. Fur-
thermore, the existence of long-lived singlet states and pairs
of singlet states has been proven to exist in various mol-
ecules and without the need of special preparation pulse se-
quences 45,46. It was shown experimentally that many dif-
ferent transverse relaxation times, which vary by almost two
orders of magnitude, exist in small molecules such as ethanol
and these relaxation times depend sensitively on the spin
state of the molecule. Especially if pairs of spins in the mol-
ecule are in a singlet state then different relaxation pathways,
such as the dipole-dipole and the J-coupling mediated relax-
ation, are blocked and very narrow lines are observed. From
our experiments we are convinced that in future high-
resolution NMR experiments will be performed with mobile,
low-field spectrometers equipped with magnetically shielded
electromagnets, which operate independent of the Earth’s
magnetic field. Together with hyperpolarization technologies
this will allow for investigations of rare spins in natural
abundance by mobile NMR. This opens the door for new
low-field applications in NMR spectroscopy, magnetic reso-
nance imaging MRI, quantum computing, and flow and
diffusion studies in biology and material science.
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